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Abstract

The exact solutions of nonstationary contact problems of elastodynamics for a half-plane with the dry and
viscous friction in the contact zone having the contact edge point moving with arbitrary variable velocity along the
boundary of a half-plane are obtained in a closed form. A new method of solution based on the use of Radon
transform is used. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The initial boundary-value problems for an elastic half-plane considered in this paper, are the
examples of the nonstationary contact problems of elastodynamics with the dry or viscous friction in a
contact zone. The nonstationary contact problems of elastodynamics were studied by many authors.
Considerable progress has been made in these problems with frictionless contact (Flitman, 1959;
Bedding and Willis, 1973, 1976; Willis, 1973, 1989; Robinson and Thompson, 1974; Brock, 1976, 1977,
Brock, 1978, 1979; Cherepanov, 1979; Georgiadis and Barber, 1993, and others).

A nonstationary (transient) contact problem with friction (Coulomb’s dry friction) was first
considered by Brock (1981). In what follows, the dynamic problems with friction were investigated in
the works of Brock (1993), Brock and Georgiadis (1994) and Georgiadis et al. (1995). In doing so,
practically all the problems considered in these works, are self-similar (automodeling). The investigation
of automodeling contact problems gives a considerable useful information on the elastodynamic fields in
the contact zone (see Brock, 1993, Brock and Georgiadis, 1994; Georgiadis et al., 1995), but,
nevertheless, some elastodynamic contact effects lie outside the framework of automodeling description.
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From the viewpoint of mathematical analysis, no automodeling contact problems with friction and
moving with arbitrary variable velocity edge of the contact zone are difficult even in the so-called
canonical case where the contact region is semi-infinite. Application of the traditional methods to solve
these problems meets the great difficulties and, for this reason, the exact solutions of the problems of
this class are still absent.

In this paper, the nonstationary contact problems for an elastic half-plane with the dry or viscous
friction in a contact zone are solved by the new method (Shmegera, 1997, 1998). The method is based
on the use of Radon transform described briefly in Appendix A.

2. Statement of problems

Consider a homogeneous, isotropic and linearly elastic half-plane y <0 and —oco < x < co under
plane-strain condition, where (x, y) are Cartesian coordinates. Let for 1 > 0, where ¢ is the time, on the
boundary of half-plane the following boundary conditions for the components of vector displacement
w = {u, v} (u(x, y, f) and v(x, y, t) are the projections of w on the x-axis and y-axis, respectively) and the
components ¢,(x, y, t) and 7,,(x, y, f) of stress tensor are given. For x > [(f) and y = 0, where /(¢) is an
arbitrary bounded function of time, the normal and tangential loads are applied. We can assume,
without loss of generality, that

0,(x,0,1) =7(x,0,0) =0 x>1(1),1>0. (1)

For x < I(r) and y = 0 the boundary of half-plane is interacting with a rigid body and the following
contact conditions occur:

1. the contact with Coulomb (dry) friction:
V(X, Oa [) = VO(xa t)’ Txy(xa O’ t) = _kay(-x’ Oa t)’ GJV’(X’ 09 I)SO, X < Z([)y 1> 07 (2)
2. the contact with viscous friction:

v(x, 0, 1) =vo(x, 1), Te(x,0,1) :f[zk(x, 0, 1) + wo(x, t)], oy(x, 0, 1) <0, x<Ilt),t>0. (3

Here k and f are the coefficients of dry and viscous friction, respectively, u, = du/dt, wo(x, f) is a mass
velocity of rigid body along the half-plane boundary (wy <dl/d¢),

_3¢ w39y

YT x ay’ V_By ax’

2 2 2
ci 9<¢p 0y
= A -2 222
o H|:c22 ¢ <8y2 + xdy /) |’

B 0%y 3%
Ty = ,u|:Ax// — 2(8)62 — 8x3y>i|’ “4)

where u is a shear modulus, ¢; and ¢, are the longitudinal and shear wave speeds, respectively, and
¢(x, y, t) and Y(x, y, t) are the displacement potentials satisfying the wave equations
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A¢>—1£j> A¢—C1¢ A= 82+82~(")—82 (5)
_"12 ’ - c22 Toox? o o9y A
The initial condition are zero:
wx, y, ) =w(x, y,t)=0, t<0. (6)

The displacement must be bounded and continuous at the vicinity of point x = /(f) and y = 0 where the
type of boundary conditions changes, i.e.

w(x, y, 1) ~a(r) + 0(F), r—0 (r =/(x— l(l))2+y2). @)

Here a(¢) is a certain bounded function of time and

¢>0 fordl/dt =0,

e>1/2 for dI/dtz£0. (7a)

The condition (7) is equivalent (see e.g. Poruchikov, 1986) to the condition of the nonnegativity and
boundedness of the energy flux at the point x = [(f) and y = 0 (the edge of the contact zone). This
condition is necessary for the uniqueness of solution.

We will seek the solutions of wave equations in the form of continuous (integral) superposition of
arbitrary plane waves (see Appendix A, and also Shmegera, 1997, 1998)

1
o(x,p, 1) = Re—_J Fi(zi(x, y, t, ¢), ¢) dc,
2ni Jr

v(x,p, 1) = Rezim, Jr Fy(za(x, 3, t, ¢), ¢) dc, 8)

where Fj(z;) (here and everywhere below j = 1, 2) are arbitrary, twice differentiable (or analytic, if z; are
of complex) functions. The functions z; are

Zj:é—i_l’/’]’ é:x_Ct’ n]:y/ys ’y/:\ll_cz/cfs = V_l (9)

The branches of radicals (1 — ¢?/c?)"/? in the complex plane ¢ with the cuts (—oo, ¢;) and (¢;, 00) along

Im ¢ r

Fig. 1. The contour of integration I" and the cuts in the complex plane c.
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the axis Im ¢ =0 (Fig. 1), are fixed by the conditions (1 — c2/cj2) > 0 for Im ¢ > 0. The contour I is
shown in Fig. 1.
The displacements and stresses (4) in terms of Eqs. (8) and (9) are written as

u= Re% JF [Fi(z1(e), &) + ia(OF 3(2(c). ©)] de

1
V= Re2_7u’ Jr[iylF{(zl(c), ¢) — Fj(z2(c), ¢)] de,

1
o, = —puRe-— Jr [y(c)F [(z1(¢), ¢) 4 2ips(e)F 5 (z2(c), c)] de,

2mi
1
Txy = ,uRe% Jr [2iy1(c)F '(z1(e), ¢) = p(¢)F 5 (z2(c), c)] de, (10)

where F/ = 3F;/dz;, F/ =8°F;/9z}, and
y=1+73. (11)

It follows from the representations (10) that to solve the problems (1)—(3) it is sufficient to find the
functions Fj.

3. Problem with dry friction: general solution

Consider first the problem with the boundary conditions (1) and (2). Substituting Eq. (10) (after
differentiating the condition for v(x, 0, #) in Eq. (2) with respect to x) into these conditions, we rewrite
them in the form

Reﬁ |, Z(¢(x.t,¢),¢)de =0, x> 1U1),1>0,

Reﬁ . T(&(x,t,¢),¢)de=0, x>Un),1>0,

Rezim. |, M%@[nl(c)z(é(x, t,¢),¢) +q(e)T(E(x, 1, ¢), ¢) ] de = vg(x, 1), x < K1), 1> 0,

Re% F[T(.f(x, tc),c)+kZ(E(x. 1, ¢),¢)]de=0, x<I1),1>0, (12)

where vy = dvy/dx and the following notations are introduced

2 = —u[pF (&) +2ip,FJ(&)],  T(&) = u[2ip F (&) —yF1(&)]. (13)
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R=79 =4y g=7—2072 m=ip(1—73). (14)

Applying the Radon transform in the form (see Appendix A, formula (A18))

F(, ¢) = %J_ J_ S(x, H)o(x — ct — &) dx dt, (15)

to the right and left sides of Eqgs. (12) and taking into account the properties of Radon transform carrier
(see the formulae (A20)—(A22) in Appendix A), we obtain

Re2(&)=0, ¢E<ly—ct, &>, (16)
ReT(¢) =0, &E<l,—ct, &>, 17)
R%%MH®+WKHZV&Q l—ct<é<l, (18)
Re[kZ(&) + T(E)] =0, L —ct <& <l (19)

Here /, = I(t,), where ¢, is a solution of equation (see Appendix A)

Edoct, — (1) =0, (20)
and
8 {o¢] (o¢] ,
V(&) = 3% J J vo(x, t'YHVH(t — " VH(I(1") — x)(x — e’ — &) dx dr'. 1)

The Heaviside functions H(---) are introduced to emphasize that the carrier of the function vy(x, ¢) is
bounded.

The relations (16)—(19) can be treated as a system of boundary problems of Riemann—Hilbert type for
the functions 2(¢) and 7(¢). With these known functions, the functions F;'({) can be determined from
Eq. (13) as

F/(&) = A(9), (22)
where
1
A1(8) = H_R[ —92(&) + 20y, T(E) ],

1
A(8) = —M—R[Mlz(é) +77(9)]. (23)

Then the function F/”(zj) can be found with the aid of Cauchy integral for the half-plane Im z; > 0

7 1 o /1(6)
Fi(zj)= 7J '

dé, (24)

270 ) oo & —z;

and next, the expressions for the stresses can be obtained from Eq. (10).
The system of boundary-value problems (16)—(19) reduces easily to a boundary-value problem for one
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unknown function. Multiplying the condition (16) by k and adding the conditions (16) and (17), we
write them in the form

Re[kZ(&) + T(E)] =0, &<l—ct, &> L. (25)

The conditions (19) and (25) can be considered as a problem for the expression kX(&)+ T(&). The
solution of this problem is given by Cauchy type integral (see e.g. Gakhov, 1966) and in the class of
functions vanishing at infinity has the form

k2(&)+ T(&) = 0. (26)

Using Eq. (26) to eliminate the function 7(¢) from Eq. (18), we obtain
1 !
Re{,TR[(nl - kq)Z((f)]} =V &), L—ct<&<l. 27)

The conditions (27) and (16) represent a Riemann—Hilbert problem for the function X(&). It is more
convenient to rewrite this problem as a Riemann problem (Gakhov, 1966) or, as a problem of
conjugation (Muskhelishvili, 1953a)

IO -2 =0, E<b—ct,E>1,

Riiy — kg

q_ 2uR
— 2 =
R —kq (©)

ni —kq

in this case and elsewhere, the notations with overbar are the complex conjugation. The solution of
problem (28) (vanishing at infinity) can be found using the known formulae for the Riemann problem
with a discontinuous coefficient (Gakhov, 1966). Thus, we obtain for z; = ¢ 4 i0

_ 1 uR b ey V/(é/) ’ 17
o) = n—@[G(é)L_aG '(¢) 7oz % +mvo(z>}. (29)
Here
_ l* _5 * _ 1
where
RO
p=rg Q=m—ka (1)
provided that
—n<argff <m. (32)

The expression for T(&) follows from Eq. (26).
Now, using the formulae (29), (26), (23) and (10), we obtain the expressions for stresses in the half-
plane
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oyt | o [ L {[—y2<c>—2kiv<c)yz(c) } B .
[%(x,y, r)] 2n2ReL 00 || 260(e01(e) — Bk (ea(e) | PEN V1))

4y, (c)ya(c) + 2kiy(c)py(c)
[—211'“/(0)2?1(6) + kV2(0)2 }P(ZZ(X’ Y1, ¢), C)} de. (33)

Here

Ly
P(zj) = G(zj)J 71(5) O(é)

w—Cl Zj

where G is of the form (30).

The expressions (33), (20) and (21) determine entirely the stresses in the half-plane provided that the
function /(7) (the edge of contact zone) is known. If, however /() is unknown, then it is necessary to
complement the expressions (33), (20) and (21) with an equation for /(f). The way of obtaining such an
equation is considered in the following section.

4. The stresses in the contact zone

Now, we consider the stresses in the contact zone for x < /(f) and y = 0. Taking into account Eq.
(10) and the notations (22) and (23), the expressions for stresses on the boundary of half-plane can be
written as

o,(x,0,1) | J Z(é(x, t,0), ¢
[fxy(x, 0, t)} = Reomi T(E(x,1,¢), ¢ de. G4
Substituting the expressions for 2(&), Eq. (29), and for 7(¢), Eq. (26), into Eq. (34) and taking into
account Egs. (30) and (9), we obtain

o,(x,0, ) _ u |1 R) ) [l —x+ct %(e)
[rxy(x, 0, z)} o mr_z[—k]ReL Q(C){( Lo—x )

I, Y —o(c) 1z
XJ (1 ﬁczé_@) I,/O(é’c) A&’ +miV o(x, , C)}dc’ >

l,—ct é —X+ct

where R(c), O(c) and a(c) have the form (see Egs. (14), (30) and (31))

R(c) = (2—c2/(:22)2—4\/1 —c2/c12\/1 —c2/c3, (36)

O(c) = ic*es*\ 1 —c2 /el — [2—cz/c22—2\/1—cz/clz\/l—cz/czz:|, (37

1 R0
2mi R(c R(c) O(¢)’

a(c) = (38)

The integrands of Eq. (35) have the branch points +c¢;, ¢, ¢, and ¢4, Where ¢, and c,, are the
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solutions of following equations

Lu(cy) = x 4+ ¢t =0, Li(Co) —x = 0.

(39)

These integrands are analytic in the c-plane outside the cuts (—oo, — ¢;), (¢}, 00), (cx, 00) and (cy, 00)
along the axis Im ¢ = 0 and with a finite number of poles being excluded. Assume that these poles lie on
the axis Imc¢ = 0. Transforming the contour I' along the axis Imc¢ =0 and dividing the interval

(=00, 00) into (0, +¢3), (£c2, +¢1) and (£ ¢y, £00), we write the expression (35) as

ay(x,0,0) | p |1 0 2\ R(c) (l* —Xx+ct
[fxy(x, 0, z)} - M[—k]Re (J_ +L )Q(c) L—x

I, _ ¢ OOy
XJ ( ¢ ) V(e e) df/_i_m[/(;(x,t,c):|

& —x+ct

RN (= N

41(5%0)

m dé/ + TUV(/)(X, t, C):|

—cy 00 RQ(C) Ly V(/)(f/,C) ) -,
' (Jw *J )Qz(c)“g_a Toxtado TV L O e

where

>

1
O(c) = Earctan

k<2 — /3 =2J1 -/} 1 - c2/622>

4\/1 - cz/clz\/cz/cz2 -1
(2- 6‘2/622)2

1
w(c) = 0O(c) — ;arctan , O<o<—,

2

Ri(c)=(2—- 62/622)2—4i\/1 - cz/clz\/cz/cz2 -1,

Ry(c)=(2— c'z/c'22)2—|—4\/02/cl2 - 1\/5'2/022 -1,

csc 1 —c?/c? 1
2 : 0<© < 5 for km(0)q(c) > 0.

Qi(c) = icy 2?1 —c2/c} — k<2 —c?/c} — 21'\/1 — C2/C]2\/C2/C22 - 1),

(40)
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02(c) = 522 Je2je2 — 1 — k(z — /G2 fe2ed — 1)/}~ 1). (41)

The values of arctangents in Eq. (41) are selected with account for the conditions (7) and (7a).

In the case when a geometry of rigid body is such that the function /(z) (the edge of the contact zone)
being known, the expressions (40), (20) and (21) entirely determine the stresses in the contact zone. In
the case where the rigid body has a differentiable boundary in the edge of the contact zone, the function
[(¢) is unknown. The equation for /(¢) can be obtained (as this is made in the analogous problems of
elastostatics, see e.g. Galin, 1953) from the following obvious condition

O-,V(xv 0: l)'x:l(t) = 09 (428')

which, taking into account (40) can be represented in the form

* R | (L= K+ e\ (" ( L >_W)—V6<5ﬁc> R _
ReLo Q(c){( —r > XLH ) Tl s Y. Lo de=0.

(42b)

where /, and / are related by Eq. (20). A simple analysis of the left-hand side of Eq. (42b) shows that
this equation has a solution, i.e., the stresses are bounded (in fact, zero) at the point x = /(7), only in the
case where /(1) < cg or I(t) > ¢; (l(t) = dl/dt; cg is the Rayleigh speed: R(cgr) = 0). This means that o,
and t,, are unbounded for cr < /(f) < ¢; provided that knjg > 0 for cg < ¢ < ¢5. In this case, /(¢) can be
found from the expression for vy(x,f) in Eq. (12), which with account for Eqs. (26) and (31) can be
written in the form

Re— J ) 5.1, ¢) de = v(x, 1) (43a)

2ni Jr nR(c)

Integrating Eq. (43a) with respect to x from —oo to /(r) and assuming that vy(x, 1)—0 for x— — oo, we
obtain the following equation for /(¢) in the case cr < I(t) < ¢

L D B Gl Ay (O R Sl O G At A W 1 (S0 B
‘WJ_mRez_mJ_m{( L — 1) ) XL_”<1*—cr—é/> Tt a
+ miV (1), t, c)} de dx = vy(l(2), 1). (43b)

This condition has the obvious kinematic sense. Note that Eqs. (42b) and (43b), and also Eq. (20)
simplify essentially in the case where /(f) = constant (e.g., in the self-similar (automodeling) case).

~ Now, we derive the asymptotic expressions for stresses at the point x = /(7). Let [, = I(t,) >~ 1) —
I()(t — t,) for x—(f). Then from Eq. (20), we have

B x—1I(1)
c—1I(t)’

B c(x —1I1))

te >t - .
c—I(1)

I(t,) ~x (44)

Substituting these asymptotic expressions into Eq. (35) or (40), we find for x— /() — 0
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. o(c)
|:ay(x, 0, ) i| N _ﬂ|:1 :HOO Re R(c) l(t)—c[
T 0,0) | 7 w2 =k | )i Q) \ l(r) — x

e / a(e)=1 gy —0UC) 1,7 (g1 ’ s
XJ (& 4+ et —11) "7 (& = Un) "V E, ¢) dE 4+ miV ((U(1), 1, ¢) ¢ de.

(t)—ct

(45)

It follows from Eqgs. (45), (42a) and (42b)) that, for example, in the particular case where the rigid body
(punch) has a differentiable boundary at the point of x = (), the stresses have the following behavior
for x—I(7)

0 for I(1) < cx
_ ) -oln) o :
6y~ Ty~ (I(t) — x) | for cg < I(t) < (46)
(1) — x) ~oli) for ¢r < 1:(t) <
Vo, D)l mir) for ¢; < (1) <00 (vg = dvy/dx),

where @(1(1)) and co(l(t)) are of the form O(c) and w(c) from Eq. (41) for ¢ = I() and it is accepted that
knig > 0 for cg < ¢ < ¢3.

5. Problem with viscous friction: general solution

Now, we consider the problem with the more complicated boundary conditions (1) and (3). These
conditions relate the case of contact with viscous friction. Substituting Eq. (10) into Egs. (1) and (3) and
applying the Radon transform (15) to the obtained expressions, we have

ReX(é)=ReT(¢) =0, &<, —ct, &>,

ReHLR[mZ(f) +qT@O)] =V (&), L—ct<E<ly,

UR UR
where X2(&), T(¢), R, n; and ¢ are determined in Egs. (13) and (14), V() has the form (21), /, is
determined in Eq. (20), and

o0 o0
Wo(&) = aié J J wo e t')HGOH( — 1VHUG) = 08(x — et’ — £) dxdr. (48)
The relations (47) can be regarded as a set of Riemann—Hilbert problems for functions (&) and T(&).
This set, unlike the set (16)—(19) of the foregoing problem, does not allow a simple decomposition into
two independent problems for the functions 2(&) and T(¢).

Using the known relation between Riemann—Hilbert and Riemann problems (Gakhov, 1966), we write
the system of boundary-value problems (47) in more convenient form of Riemann problems:

INO-27O)=0, THO-T (=0, ¢C<b—ct,i>1, (49)

—00 J —00
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6287
M-S+ Ao - Lr @ =2 L-a<i<l, (50)
otz o (R p)rro-(F-p)re=meme. o
lh—ct< &<,
We now multiply, e.g., Eq. (50) by a certain constant s and add it term-by-term to Eq. (51)
(= g+ sm)[ZHE) +aTHO)] - %( = +5i)[Z7) + DT (O] = 2u[sV (&) — T Wo(D)]. (52)
Here

We choose s so that a = b. Then, from Eq. (53), we obtain the following equation for s
ny +sq— uRf e

a4 sq— pRf 7!
—q + sny N

—q + sn;

which has a solution

1 _
snziml’l[p+(—l)n 1(p2—4n11m2)1/2]> n=1,2, (54)
where
= —iyg +mq+uf e G=1D(Rg - R). j=1.2,
p=—miiy + iy + f e (Rny — Riy). (55)
Substituting the values s; and s, from Eq. (54) term-by-term into Eq. (53) and then, together with the
corresponding values of a; and a;, (since a = b) into Eq. (52), we obtain

[ZHE) + anTHE)] = B[Z7(E) + anT ~(&)] = 2vu[5V (&) — ¢ (8],

n=1,2l,—ct < &<,

(56)
where
1y + 8, — uRf ~te! R—qg+s,n R
L= 2+ Sug — 1RS , B, = __M’ Vv, = MR (57)
—q + S R —q + Sph —q + Sph

The conditions (49) can be written in the form, analogous to Eq. (56). For this purpose, we multiply the
condition for X by @, and add to the condition for T:

[ZHO+aTTO] =[O +aT (O] =0, E<lbi—ct,E>lin=12

(58)
The conditions (56) and (58) represent two independent Riemann problems (for n =1 and n=2
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respectively) for functions (&) + a, T(£). The solutions of these problems which vanish at infinity can be
written out for the case of discontinuous coefficients using the known formulae by Gakhov (1966). As a
result, we obtain for z; = £ + i0

I, /
THO+ @ T () = %Gn(@L G (&) svie) - Wo(f’)]é/d—ié Va5V () = T @],
n=1,2.
(59)
Here
(=8N L _
Gn(é) = (A{—c[—é) , Oy = Zniln ﬂ”, n= 1, 2, (60)
provided that
- <argf§, < m. (61)

Considering Eq. (59) as a set of two (for n = 1, 2) algebraic equations with respect to the functions X(&)
and 7T(¢), we find

] &=
[T(é)} =2 a

n=1

— /* '
x|:a3 HMIGH(@J G;l(é’)[snva(é/)—c*IWo(é’)]L+SnVé(f)—c"Wo(f)-

-1 ; L—ct é/ — f
(62)
Now, the formulae (10), (22)—(24) and (62) give the formal expressions for stresses in the half-plane
(ry(x, ¥, f) _ 1 2 (— 1)"71‘/11(6') 1
|:‘ny(x, s l)} = Tt L=1 ax(c) — ai(¢c) R(c)
5 { 7(Oa-4(c) = 20()2(0) Ny 1. ). )
=2iy(c)yi(c)az—n(c) — 4p1(c)ra(c)
4y (c)ya(e)az—n(c) — 2iy(c)y(c) NN
i [Ziv(C)“/l(c‘)azn(C) —72(0) }N”(ZZ(X’ S ‘)] 4o ©
where
b —1 / -1 dé
M@ =Gz | Gl - @] ()
—ct J

6. Expressions for stresses in the contact zone

Substituting the expressions for X(¢) and 7(&), Eq. (62), into Eq. (34) and taking into account Egs.
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(60) and (9), we obtain

o,(x, 0, 1) B 1 2 (— 1)”71V,,(C) as_(c) I, —x+ct aa(c)
|:Txy(xa 0, Z)j| B —mRe Jr ,12:]: ax(c) —ai(c) | —1 ( I, — x >
I I, — & —au(C) L ~ ) de’

I, —ct

+ il s )V §(x, 1, €) — ¢ T Wo(x, 8, ©)] } de. (64)

The integrands (in the integral with respect to ¢) in Eq. (64) are analytic in the c-plane outside the cuts
(—00, —¢)), (cj, 00), (cx, 00) and (¢4, 00) along the axis Im ¢ = 0 and with a finite number of poles being
excluded (¢, and ¢, are the solutions of the Eq. (39)). Transforming the contour I' along the axis
Im ¢ = 0, we write the expression (64) in the resultant form

o 0,0 | _ 1 "\ D @] @) | (1= er)
|:‘ny(x, 0: t):| __ﬁRe(J“—‘rJ\O );{ aZ(C)_al(C) -1 < 1*—)( )

L gt —0u(C) }
* J (,‘)‘(l*ég/> I:Sn(C)V(;(é/’ C) - 671 W()(é/, C)] dé

L L, —ct — E—x+ct

+ i)V 5, 1, €)= ¢ W, 1 C)]} dCH(J +Joo) RS(S)

§ J/* (R*(e)f et =my() V(& ) =g W& e) | dede 65)
et | g OV (E ©) = mie)e W&, ¢) & —xtet
Here
S =g+ nmins — uR*nif “le7l, R =97 4 dalys,
* * 2 sk .k * 2,.2 172
m= (=92, gt =yt = (Y1), (66)

and for s,(c), a,(c), v,(c) and a,(c) in Eq. (65) we have from Egs. (54), (55), (57) and (60):
ForO0<c<oc

=Rl (—1'VDl. p=1 —4”2<‘ch>z,

- 2qgfc ny \ 4R
_ my+ Spq — URf “le-t v UR
" C]+Sn7l1 ’ " —61+Snn1’

1 1 —92
o, =0, = —arctanw, D>0,
n q
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d?l(l _7’2) +Larctan dVl(l —Vz)

oy, = &, = —arctan——————— R S A

2n qg—gm(l—y2) 2 g+ g (1 —92)

) ) 1/2
L et (0=9%)) +d (1= 97) D0
i (g g (1= 92)) +d 221 =2)°
d=uRf ‘¢, gy =d(—1)"'V=D; (67)
for ¢ < ¢ < ¢
20 —1,.—1 _ % N 20 —1,.,—1 _ %

o =l Sl PR | gt s e 2/2) ’

2y1y3 (wpf ~te=! —n3)
b ,UR* . _n§+an*_ﬂR*f 71071
gt s g* + sm

ny ok N _ a2 ¥ 2 *

s =L 1mtan4nzyz L P (=7 )+22w2 o et Pen (L= )+22mz

2 = y 2 y—pun(l—=7%) 2= 7+ P (1—72)

) ,T12
| 0= pan(1=37) (o (1 =72) +20123) )
- N . n B
2 (4 pori (1= 92)) (o (1= 92) +29198)
where

R =y>—4ipyyys, ¢ =7 -2ip95, p,=Res, p,=Ims, (69)

If a geometry of the rigid body is such that the function /(z) is unknown, then it can be found from the
condition (42a) which in this case is of the form

Re J“’ - pRe) (=" as(0) (l* — i)+ ct)“”
—%0 ] —q(c) + su(c)ni(c) ax(c) —ai(c) L, — I(2)

(L= Y (e gy (e de’
x L(i - f’) [ i) = w9 [ —iGg

+ milsu()V {(U2), 1, ¢) — ¢ T Wol(D), 1, ¢) ] } de = 0. (70)

This equation has a solution, i.e., the stresses are bounded (in fact, zero) at the point x = /(#), only in
the case where /() < cg or [(t) > ¢;. In the case where cg < /(¢) < ¢; the function /(¢) can be found from
the expression for vy(x, ¢) in Eq. (12) which after integration with respect to x gives the following
equation for /(f)
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AL 1
J_Oo Rez—ni Jr R [m(e)Z(E(x, 1, ¢), ¢) + q(c)T(E(x, 1, ¢), €) ] de dx = vo((2), 1). (71)

Here X(&) and T(¢) have the form (62).
In the limit for x—/(¢) — 0 with account for Eq. (44), we find

. ()
g -(X, 0’ t) ~ G (137”(6') C — Z(l)
[Tiy(x, 0. 1) } ~ Re J/m ;[ o } ( o= xt) Ki(t, ¢) de, (72)

where

(" +ct— l(t))“"(c)f1 (&' — K1) ~ale)

_1)y! (1)

T n2 a(c) — a1(6) U0)—ct
(73)

[sn(c)V ( ) — ! Wo(f )] dé’ + ni[s,,(c)Vé(l(t), 1, ¢)— e Woll(o), ¢, c)]
It follows from Egs. (71), (65), (67) and (68) that in the particular case where the rigid body (punch) has

a differentiable boundary at the point of x = I(¢), the stresses have the following limiting behavior for
x— (1)

0 for (1) < cg and D(i(2)) >0,
Xz:An(l(t) — ) 0li®) for cg < ) < ¢ and D(i(1)) >0,
Gy~ Ty~ 22:3,1(1(:) — x) o) =isni) for 0 < (1) < ¢ and D(i(1)) < 0, (74)
iC,,(l(t) — x)~owli0)=iou(i) for ¢y < i(1) < c1,
Avg(I(t), ) + Bwo(l(1), 1) (vg = dve/dx) for ¢ < (1) < 00

Here A4,, B,, Cy, A and B are some bounded constants, D(i(t)) and Hn(i(t)) are of the form D(c) and 0(c)
from Eq. (67) for ¢ = (1), &x(i(1)) = ea(i(1)) + it (i(1) (eur = Re 6, £ = Ime,) and 8,(i(1)) = 8, (i(1)) +
zén,(l(t)) (0nr = Re 0y, 0y; = Im 6,) are of the form ¢,(c) and 6,(c) from Egs. (67) and (68) for ¢ = /(). It
is seen from Eq. (74) that the stresses have a oscillating singularity in the case 0 < l(t) < ¢, for D((1)) <
0 and in the case ¢; < I(t) < ¢y, and the stresses change sign an infinite number of times at x—/(¢). This
lead to the violation of the condition ¢,<0 in the conditions (3). Consequently, the conditions of
viscous friction in the form (3) are acceptable (from the viewpoint of realization of the condition ¢, <0)
only in the case where 0 < l(t) < ¢ and D(I(¢)) = 0.

Note, that the oscillating singularities are typical for some elastostatic and elastodynamic problems.
The typical examples are the problems of interfacial cracks in the Mode I or mixed Mode I-II cases (see
e.g. Achenbach et al., 1976) and the contact problems with adhesion (see e.g. Muskhelishvili, 1953b).
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7. Concluding remarks

The practical suitability is shown of the new method proposed by Shmegera (1997, 1998) to construct
the exact solutions of non-automodeling initial boundary-value mixed problems of elastodynamics with
the conditions of contact friction.

Here, we restrict our consideration to formal analysis of the obtained solutions, i.e., the existence,
closure and consistency of solution. Certainly, these solutions require a more detailed analytical and
numerical analysis, which will be a subject of a separate paper.
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Appendix A. A representation of solution of wave equation and its a relation with the Radon transform.
A.l. A two-dimensional Radon transform

A two-dimensional Radon transform F(s, ®) of some function f(x) is determined (see, e.g., Ludvig,
1966; Helgason, 1980) as an integral along the line w -x=s (0 ={w, w3}, x={x, x,}) of the
following form

I(s, w) = Joo Joo Jx)o(w - x —5)dx; dxa, (A1)

—00

where o0(-) is Dirac delta-function. It is obvious that F(s, w) is homogeneous function with the
homogeneity degree equal to —1:

Fos, o) = |o| 7' F(s, @), (A2)

and F(s, ) is an even function. It follows from Eq. (Al) that f(x) =0 for r > 0 (r=,/x? + x3) then
F(s, ) =0 for |s| > a.
An inverse formulae of Radon transform (A1) can be written in the following form

1 J JOO 3F(S, i, ®2) ds(wdw; — wydwy) (A3)

Jx) = 4n? |1 ) o as S—wiX|] — WXy
where I' is an arbitrary contour in the plane w.

For a fixed value of w, the integrand in Eq. (A3) (in the integral with respect to w) is orthogonal to
the w-plane. In the other words, the integrand of inverse formula is a plane wave. From this point of
view, the formula (A3) can be considered as a continuous expansion of function f(x) into the plane
waves of arbitrary form.

A.2. A representation of the solution of two-dimensional wave equation

This represents the solution of two-dimensional wave equation
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9%u  3%u 1 32%u

—t =5 Ad
8x2+8y2 cg or?’ (A4)
in the form of continuous (integral) superposition of some arbitrary functions
1
u(x, y, t) = —J Fz(x, y, t, ¢), ¢) dc, (AS)
2mi T

where F(z) is an arbitrary, twice differentiable (or analytic, if z is complex) function. I' is an arbitrary
contour in the complex plane c. Substituting Eq. (A5) into (A4), we find that the expression (AS5) is the
solution of wave equation (A4) if and only if the function z satisfies the following equations

9%z 9%z 192z az\° [az\> 1[8z\°
2Tz \ax) Tlay) =25 ) (A6)
ax2 " ay2 T 2t dx ay) g \at
It is well known (see, for example, Smirnov, 1974) that the general solution of system (A6) determines
from the equation

k(z) = l(z)t + m(z)x + n(z)y, (A7)
in which the functions /, m and n are related by
1(z) = ¢g[m?(z) + n*(2)]. (AB)

Consider a simple case, most interesting for the expression (A5). Assume the functions /, m and n to be
constant, and the function k to be equal to z. Then, the function F(z) is the plane wave for the real /, m
and n. If [, m and n are the complex values with a variable argument, then from the physical point of
view, the function F(z) is not the plane wave. This function F(z) for the complex z can be called as a
complex plane wave.

Denoting / = —c and m = —1, we find from Eq. (A8) that n = +i(l — ¢?/c})"/* where i = v/—1. For
selection of the uniquely branch of radical (1 —cz/cg)l/2 in the complex plane ¢, we make the cuts
(=00, — ¢p) and (co, 00) along the axis Im ¢ = 0 and fix this branch by the condition (1 —¢?/¢f)"* > 0
for Im ¢ = 0. In this case the expression for z becomes

z=x—ct+ip/1—c?/cd, (A9)

or, in the terms of following notations

E=x—ct, n=yy, y=,/1-c?/c, (A10)

in the form
z=C41in. (A1)

In the case under consideration and provided that ¢ < ¢y the function F(z), in the terms of ¢ and 7,
satisfies the Laplace’s equations
3’F  9°F
—+— =0. Al12
9&? METE (A12)

In the case ¢ > ¢y, the Eq. (A12) reduce to the one-dimensional wave equation.
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Since the real and imaginary parts of Eq. (A5) satisfy Eq. (A4), the solution can be selected in the
form of real part of representation (AS5):

1
u(x,y, 1) = Rez—m, Jr F(x —ct+ip /1 — c2/c02, c) de. (A13)

Let, now, uy(x, f) is a value of u(x, y, t) for y = 0:

u(x, 0, ) = Re%m' L F*(&(x, 1, ¢), ¢) de = ug(x, 1). (A14)

Here F*(z) is the boundary value of F*(¢), which is analytic in the half-plane Im z > 0. By using the
relation F ~(¢) = —F+(£) where the overbar on FT(&) denotes the complex conjugate, we rewrite Eq.
(A14) in the form

LJ [F+(f(x, t,¢),¢)+F (&, 1, 0), c)] de = up(x, ). (A15)
r

47

Now, we use Plemelj’s formulae (see, for example, Muskhelishvili, 1953a) to rewrite the expression
under the integral sign in Eq. (A12) as

° Up(&')
—00 é/ - é

where Uy(¢) is the function which satisfies the Holder condition (see, e.g., Gakhov, 1966) in all the
points (including infinity point). Substituting Eq. (A16) into Eq. (A15), we obtain

de’, (A16)

FHE) +F () = l.j

Tl

1 (&) L
~4n2 Jr J_oo E (1, 0) dé’ de = up(x, 1). (A17)

If the function Uy(¢&, ¢) is derivative (with respect to &) of the two-dimensional Radon transform of
function u(x, f) (see the formulae (Al) and (A2)), i.e., if

Up(&, ¢) = (% JOO ro up(x, 1)o(x — ct — &) dx dz, (A18)

—00 J—00

then the expression (A16) and, consequently, (A15) can be considered as the inverse formulae of two-
dimensional Radon transform (see the formula (A3) for x = {x, ¢t} and w = {1, — ¢}).
Observe that application of Radon transform to the expression (A14) gives

Re F (&) = Uy(9), (A19)

i.e., transformation of left-hand side of Eq. (A14) actually eliminates the operation of integration with
respect to c.

It should be noted that in the expressions (A17) and (A18) (from consideration of convenience) we
somewhat depart from the formal separation of operations, accepted in the literature (see Eqgs. (A1) and
(A3)), where the integral part of formula (A18) is called the Radon transform, and the operation of
differentiation is introduced in the inverse formulae. Nevertheless, we will call the expression (A18) as
the Radon transform.
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A.3. Some properties of the carrier of Radon transform

Let the function f(x, t) has the following values depending on the intervals of change of variables x
and ¢

Jo(x, 1) (<0, —00 <X < 00),
fx, )= fitx, 1) (>0, —oo0 <x < (1)), (A20)
fr(x, 1) (t>0,01) <x < 00),

then the Radon transform of the function f(x, ) has the form

9 [° [*® _ﬁ)(x, l/)H( — [)
Py J J Sfile, tYH@H(E — t)HU(t) — x) §6(x — e’ — &) dx dt’
9¢ —oo | falx, t)YH(' — )H(x — I(1'))

—00

filet' + & tYH@H(t — t)H(I(t') — ct’ — &) } dt’

Jw Solet! + &, t)H(—1")
—o | falet' + & t)H(' = DH(ct' + & — I(1'))

Fo(&) (¢E>0)fort <0,
=1 Fi(&) (L—ct<l<l), (A21)
(&) (€ <li—ct).

Here H(...) is the Heaviside function and /, = /(t,) where ¢, is a solution of equation
I(ts) — cti =& =0, (A22)

the left-hand side of which is the argument of Heaviside function in Eq. (A21).
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